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urpose of this paper is to introduce the method of intermedi
1ing for asymptotic expansions and to apply this method for

:cting the four local solutions of the Van der Pol equation,
1 by Dorodnicyn [3]. It turns out that for the approximation
le periodic solution a fifth local solution is needed. The p1
vach results in a reduction of the computational work. The ar
of the periodic solution is determined up to a higher order

‘acy in v than has been done so far.

sently Technische Hogeschool, Delft.




|. Introduction

In this paper an asymptotic expansion is given for the periodic solution

»f the Van der Pol equation

2

d x 2, dx
= - )y &£
dt

- +
v (1 ) ot

=0 (1.1)

‘or large value of the parameter v. Equation (1.1) has been studied exten-
iively by many authors. It is a well-known fact that a periodic solution
‘or this equation exists (cf. LaSalle [6]). In the phase-plane (x,p),
'here p = ax equation (1.1) transform into

at’

—v(1-x2) p+x=o0. (1.2)

&g

‘an der Pol [T] has already pointed out that the periodic solution for
arge v can be approximated by the solutions of the following reduced

quations of (1.2)

p%B—V(1—X2)p=O (1<3)

X
n a region of the phase-plane where p is large and

- v(1 - x2) p+x=0 (1.4)

dp
dx
mate solutions are valid do not overlap and it was not clear at all how

n a region where p and are both small. The regions where these approx-
hese local solutions had to be matched. In 1947 Dorodnicyn [3] introduces
WO new regions in which he gives asymptotic solutions for (1.2). His four
egions overlap, which makes it possible to find a complete solution for
he whole limit-cycle. However, Dorodnicyn's way of matching is rather
rude and his claim that the accuracy of the asymptotic solution can be
arried up to an arbitrary order of v is false (see Zonneveld [10]).
urthermore, some computational errors in Dorodnicyn's work have been
oticed by Urabe [9], Zonneveld [10] and Ponzo and Wax [8].

If one tries to match the local solutions of Dorodnicyn by the method

escribed by Van Dyke [4], one meets serious difficulties. Yet, it is
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ble to apply a well-founded method of matching, if a fifth region

its own local solution is added. Such a method of matching is based

e principle that the asymptotic expansions of two adjacent local solu-
should be identical, if they are written in the local coordinates of

verlapping region. It turns out that it is possible to choose the

ants of integration in such a way, that the terms of the two expan-
are completely identical. In the sequel we will call this the method

termediate matching.

nce equation (1.2) remains unchanged, if we substitute -x for x and

r p, each solution will show radial symmetry with respect to the

n. Hence we will obtain two groups of five regions. The regions of

irst group are specified as follows:

A: - X + rE;jBS x < =1-=r1v /e (111'),
B: 1T - Rv <x<-1+Rv (Iv'),
C: -1+ rv-1/3 <x <2 - v (1),

D: p(2 =Rv ') < p(x) < p(xS + g-v log v = rv ) (11),
E:  x_ ¥ g-v log v - Rv 2 > x>x - Rv 2 (-).

onstants r and R (0 < r << R) are independent of v. The point

(V—h/3))

o (=2+0 will be specified more precisely in section 10.
ve given the notation of Dorodnicyn for the regions between brackets.
egions of the second group A, B, C, D and E are obtained by radial

try.
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'he main modifications we made in Dorodnicyn's work are the following:

.. The region A(III') is taken as the starting-point of the calculations.

. In the formal expansions of the regions C(I) and D(II) also fractional
powers of v are included.

. Between the regions D(II) and A(III) a fifth region E(-) with its own
local solution is added.

. For the local solutions of C and D and of D and E we apply intermediate
matching, since the Van Dyke matching fails here. In order to obtain a
uniform representation we also apply intermediate matching in the other
cases, although the Van Dyke matching is applicable there.

hese modifications result in a reduction of the computational work, so

hat we determine the amplitude of the periodic solution up to a higher

rder accurracy in v.

. Solutions in region A

In region A the main term of the asymptotic expansion of the solution
riginates from the solution of the approximate equation (1.L). It turns

-1 . .
ut that p = 0(v ') and that the formal expansion of the solution of (1.2)




; the form

y -2n-1
p= ) y(x)v .
n
n=0

itution of (2.1) into (1.2) and equalization of

(m=0, 1, 2, ...) lead to the system

1-x
1 l’li‘]
y_(x) = yelx) y . (x)
n 1—x2 k=0 k n-k-1

Ty 25 oes)e

1 and n = 2 we find

(x2+1)
v.(x) =82
i 2
v (x) = 2x(3x + 6x° + 1)
2 (1-X2)7

lution in region B

en x + - 1 the terms of the local expansion (2.1
olution can no longer be represented by (2.1). F

troduce the local coordinate u and the local dep

x=-1-w" (a > 0) s

vBQ(u; v) .

b

ion (1.2) will be transformed into an equation,

erms of the same order 0(1), if
2B —a=1+a+B =0 .

, by choosing a = - %5 B = - %-in (3.1) and (3.2

priate local variables for the solution in regio

(2.1)

yefficients of

(2.2)

(2.3)

me singular and
ng Dorodnicyn

. variable Q by
(3.1)
(3.2)

will have all

(3.3)

obtain the

or Q(u; v) we
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onstruct a formal expansion of the type

Qlu; v) = ) @ (w223,
n=0 n

o that the coefficients satisfy the following recurrent syst

aq,
Yam " M{prIT=0 .,

daQ

2 %% 22
Vg ~H = -,

4aQ n-1 aQ

2 "n _ .2 n-k
% T 'Qn'u(‘-’zoc’zn-1'k_z_1 W% Q-

quation (3.5) can be reduced to the Riccati type if one puts

nd for the general solution of (3.5) one finally finds

Qo(u) =@ - z(u)

here z = z(u) is the inverse functions of

- ] _ 0 ]
Co Al (z) C, Bi (z)

CO Ai(z) + CO Bi(z)

u

1i(z) and Bi(z) are the so-called Airy functions, C0 and EO

or the solutions of (3.6) and (3.7) one finds

Q. (u) = — {c, + Ju A(v) (v2 - L) av}
1 A(u) 71 0 Q, >
4 oa
rere A(u) = exp (- f —EX__)
0 QO(V)
1 u n-1 o
Q (u) = ) fc + J Alv) () Qk(V) Qﬂ_k(V) -v Q
0 k=1
n=2, 3, .

> is still necessary to determine the constants occurring in

3.11).
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itching of the solutions for regions A and B

L order to obtain matching relations for the coefficients of the expan-

i (2.1) and (3.4) we introduce the intermediate coordinates by

H 2
0 <m<Z (4.1)

X=-=1-=-15sv

after substitution of this new coordinate and after reordening of the
» (2.1) and (3.4) have to represent identical expansions. In order to

. unneccessarily complicated formal computations we select one value of

. take u = %; Substitution of x = - 1 - s -1/3 into (2.1) yields the
sion
p = %'8—1 /3, %'v—1 - %-sv_u/3 + é%‘(s2 - QS_u) vo/3
_31_253 V-2+asv-7/3_1_;_§(55 205~y v =873 4
—2%(:-:64«2-&'6)\)"3 - o5 (s + 85+ 8577) VT3
v o(v 1173, (4.2)
1/3

' substitution of u = v '”s the leading term of expansion (3.4) has to
-1 . . . .

v /3). It follows from (3.8), that this is only possible if u » «

> «. The asymptotic expansions of the Airy functions (see [1], ch. 10)

that Co in (3.9) has to be chosen 0. In fact, we have

U= - %%%é%l =22 (14 52*3/2 +0(z73)) (z > =)

by (3.8) we may conclude that

\)"1/3 QO(\)1/3S) = % s

-1 -2/3 1 -k -5/3 5 -7 -8/3
Vv - 8 S \Y) + 32 S% VvV
11 s-10 v-11/3 + 0(\)-11;/3).

T 32 (4.3)

ation of the order of magnitude of the solutions (3.10) and (3.11)

1 . . . .
= v /35 and comparison with (L4.2) lead to the following choice for
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v 2
A(v) {W v} dv ,

o
e
|
=2
g_.x
—
I~ 8

oo n-1
- . ' : .
o () = s [u A (T 40 4,0 - ¥ a1 gy

n=2,3, ...
y taking the asymptotic expansions of Qn(u) for large values of u, one

btains

vl w/Bsy =5 =1 0 L 670 73 L BT -9 7% L 0v0) L (kb

1 Y T@L s 128
y-2/3 Q2(\)1/35) - % sy 43 1E s vT10/3 L 071373y | (s
T a1 ) = 2 6 o s
v-3 Qh(v1/33) = - é%-s3 v_2 + T%g v_3 + O(v_h) s (b7
v_11/3 Q5(V1/3s) = é%'su.v_7/3 - é%'sv-1o/3 + O(v~13/3) > (4.8
_ 2n+1 no1 - B2 L]
v o3 Qn(v1/3s) (-1 Sn+1 > +ov >),n=6,T1,
2

(k.9

t is also possible to derive these asymptotic expansions directly from
1e differential equations (3.5), (3.6) and (3.7).
Comparing expansions (4.2) with the expansion given by (4.3) until (k.

1e concludes that the expansions are identical indeed.

. Solution for !egion C

> u > - » the first two terms of (3.4) behave as

By, Q) =+ u3 e+ o(1) (5.1

Q(u) = u° +a + 0(u” : 3

0

1e constant a denotes the first zero of Ai(z) : Ai(-a) = 0, o = 2.338107

~om equation (1.2) we learn that in the case that p is large (p = 0(v)),
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Yirst two terms of (1.2) are dominant. Therefore we suppose that tl

;cion in region C can be expanded as follows

co

p = fo(x,v) v+ nZ1 fn(x,v

) V(1—2n)/3 (5.2)

; assumed that for any constant € > 0 the relations lim Ifn(x,v)lw

V->co
im £ (x,v) v € = 0 are valid for n = 0,.1, 2, ... . For the func
o I
> have the recurrent system
£r=1 - x° £f'=0 f fl=—x
0 ? 1 ? 0 "2 ?
' 2 v _ 2 o1 _
f3 o , fo fh xf1 s fo f5 xf2 . (5.3)
£3 £V 4 xf° - xf £ = 0 £3 £ 4 2xf .+ xf_ f, = 0
076 1 03 >0 T 172 0 L
etc.
nce,
£ o=a(v)+x-+x £, =a_ (v) (5.4)
0 0 3 > 1 .

‘der to avoid unnecessary difficulties, we determine the constants

and a1(v) immediately by matching with (5.1). We obtain

P =’% (x+1)% (2 -x) v+ a3 4 vy, (5.5)
at ao(v) = %—and a1(v) = a. The higher order terms become

£, = - oyt s (log [2 - x] - log [x+ 11) +a,(v) , (5.6)

£, = a3(v) > (5.7)

f), = [é% (log |x+1| - log |2-x|) +

11

—_ - +

1
3 x+1 (x+1)2

2 1
* 9 2-x
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fS = é%.E_— (2 log |2—x| + 1 - 2 log [x+1| + 3a (v))
+ 0(1og” lo-x|) (5.9)
£, = - —l--—ﬁéi—— + 0(2-x)"") (5.10)
2+h log 3- 6a I I

f =—i1alo 2;}( +%—1" > +O( s (5-11)
T (2-x) (2-x)

2 3 1 lo 2-X
¢ . + 0 ), (5.12)
8 243 (2- )i (2_x)2
o= -—p =2 h+o(—&J——Ll° =xly . (5.13)

2.3°  (2-x) (2-x)

. Matching of the solutions for regions B and C

The matching relations are derived by substitution of

x=-1+4 tv'1/3 (6.1)

1/3

nto the expansion (5.2) and of u = - tv into (3.4). The choice of the

ntermediate coordinate t in (6.1) is again made in order to avoid diffi-
ult formal computations. Any transformation of the type x = - 1 + ty "
ith 0 < p < 2/3 would work.

We first investigate the functions Qk(u) for large negative values of u.

L
he functionu = —ﬁi(zj has a simple pole at z = - o with residue - 1. Thus,
n the neighbourhood of z = - o we may write
Z = - a - 1y . .
u

ince u > - » if z ¥ - o we finally obtain

v 1/3 QO(—v1/3t) = t2 Wi/3 . w173 T 3
%—at_3 V3 %-t_h VI3 %‘@2 £72 V2 4
7ot 0 v T34 1 (63 3y 47T y83, g(v3y
18 7 4




2
4= - 3 1" 9 log v -

b, - = logv - = log |t]) £73 37

141
27 3 1 27
2

ol Wi

1 L L -5 -8
(ﬂ§6-+ 5 b, - 35 g v - 75 log [t]) at 5 ,78/3
s o073 (6.3)
5/3 1/3 2, -4/3 -5/3 1 ,-1 =2
Q2( v Tt) = - 9 tv + b2 v -3 at v
1 1 1 1 -2 -
+ (57-log v+ §-log [t| + 5 - €-b1) t T v /3
vy el VT o83 (6.4)
T/3 /3,y _ 1 .2 =5/3
Q3(—v t) = - 27 t° v +
+ (é% a log [t| + é%'a log v + b3) v_7/3
so(v T3, (6.5)
(= v = - 23 v o(v , .
/3 a(- V3 = et VT 00T, (6.7)

totic expressions may also be obtained directly from the diffe-

1/3,)

ations for Qn(—v . The constants are given by

= 2.33810741 )

© 3
1 J Alv) (=Y — _ Y -2 2 1glvly 4 (6.8)
Alemd ) T G0 32ty 33 2
1 JOO Q?(V) VQ,.](V) ) 2 v
= — Alv) { - += - = }av , (6.9)
A=) |, ) dw 0 2 Ew




o0 3 2
1 298, V&, Q7 v 4 2,
b, = A(v) { -—— -t — +t = — - =y
3 A=) | Q3 Q2 Qh Q3 2T g2 2T
0 0 0 0 0
5 a 5 aloglv]
+ 2T v " 27 5 } av . (6.10)
%
ubstitution of (6.1) into expansions (5.2) yields
_.2 13 1.3
v fo(x,v) =t v - 3 t7 (6.11)
v'1/3 f1(x,v) = a -1/3 . (6.12)
v fz(x,v) ——— v—2/3 + (= %—1og|t| + %-log v o+ %—log 3+ ag(v)) \
2, -3 1 .2 -5/3 2 3 -2 1 4 -7/3

-9t\) _2Tt\) —2)4313\) _h86t\)

so(v 3y, (6.13)
v_5/3 f_(x,v) = a_(v) v_5/3 , (6.14)

3 3

- -3 - 2 - -1 =2
\)T/3fu(X,\))=%t3\)h/3—%t2\)5/3—%t1

+ (é% a logltl - é% o log v - é%—a log 3 + é%-a

o () VT340 (6.15)
V3 g (x,v) = - l-t_h v_5/3 + (g-log 3+ 14 (v) + = 2-logltl

5(%> n 9 3 %2 2T " 9

+ é%-log v) t 3024 o(v 2) s (6.16)

V3 e (x,v) =17 v ro(v ) (6.17)

> note that all terms depending on t are identical in both expansions. By

juating the constant terms we obtain the matching relations
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- 4 2
ag(v) = b1 -3 log v - 3 log 3 (6.18)
a3(v) =b,
1
ah(v) = b3 + g%-a log v + é%-a log 3 - é% o . (6.19)

vlution for region D

e expansion (5.2) is no longer valid if x is in the neighbourhood

sfore, we consider region D, where p = O(v—1) and, because of (5.5,

L l-av—u/3

3

m, we consider the inverse function x(p). Furthermore, the local

+ O(v_z). Since p(x) is a double-valued function in tl

ible q is defined by

_ =1 2 -1, 5 =7T/3
p=gqv - 3 v oo+ 27 av ) (7.1)

1at equation (1.2) transforms into

2,5 -4/3 2 ax _ -2 2. -2 _ 25 -
{(q - 3 + 57 oV ) (x5 - 1) + x} dq -V a-3V * 3 v
(7.2)
ippose that there exists an expansion of the form
x =2 + l-av-h/3 + z X (q,v) v—2(n+1)/3 . (7.3)
3 n=2 n
; assumed that for any € > O the functions Xn(q,v) ,n=2,3,
;sfy the relations lim IX (q,v)i vE = « and lim X (g,v) v € =0
N N
(n(q,v) we find the following equations
aX
_2 _.,_3
-31g; Te-3 (7.4)
ax
_3_
dq o (7.5)
aXx ax
-3 2 _ _2 2 _
1% (4 g 3) X, i 0 (7.7)

etc.
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are
v) = -1 q+210g |a] +ay(v) (7.8)
) 3 q 2 b
v) =av) o, (7.9)
\))=-£—0L 13410 la| + 4 (v) (7.10)
27 1 7 81 & lalb ™ 4 ’ '
2 2 8 L
\)) =-§q +(‘821 81 log Iq' +§d2(\))) q+
2
(- 27 d2<") log |a| - 21;3 log |q| - 21;3 log” |af + ag(v))+
20 _9_ 10 1
(- 75g log la] - 725 ~ 81 4(V)) 7 (7.11)
ave
- _ L 2 L
v) = - 27 ¢4 + 57 b2q + ... . (7.12)
v) = 5_3} aq2 + . (7.13)
= _ L 34
v) = - 513 ¢ - . (7.14)

the solutions for regions C and D

derive matching relations we substitute in (5.2) an inter-

nate X given by
-1
- Xv (8.1)

terms we obtain

-1/3 1,2 10 4 =1
X + av +(—2)(2—3 3loglxl-—9log\;—?)log3+b1)\)
2 1 -=4/3 12 x2y ;534 (13, R
9ax v + (b, - 570" X7) v +(3X 9X+7X log [X|
3
20 -1 8 -1 2 -1,2 v, 2 a7y -2
81 X log v - o7 X log 3 + 9 b1 X + 27 X + 43 X3) v
10 25 31 L loglX] 20 o log v
(b3+27a1083+81alOgv_162°"81°‘ X2v+2h3 2
ab L
j%.___l 8 alog3 o 1 oy =T/3 7/3
21 3 TE 2 2T Y T relviT) . (8.2)
X X 81X 2.3 X
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;itution of q = pv + % - é% v -4/3 into (T7.13) yields
X=-;—p_—;;av'1/3+{§—glog Ip| -—S—logv+—§,?p2-d2(v)} v
- é%—apv-h/3 - d3(v) v_5/3 + {- 5%5 + é%’p - é%-p log |p|
- é%—p log v =~ %'p de(v) + E%g’pé} N {- é%-a - g% a
+ %%-a log |p| + %%-a log v - dh(v) —-g% a p2} VT3 4 o(v—7/3)
(8.3)

xpansions (8.2) and (8.3) have to represent the same intermediate solu-
so that substitution of (8.2) into (8.3) must lead to an identity.
ng out this identity we obtain the following matching relations

b

-1 _16 _2 -
de(v) =9 o7 log v 3 log 3+ 3 . (8.4)
b
j = 2 _ 2 2
3, () =3+ 34053+ 20, B39 2an, . (8.6)
u Vv 3 27 [0 Og 2)43 a Og AV l(»86 a 27 o 1 . .

dution for region E

pansion (7.3) is singular in q = 0. In order to reveal the behaviour

€ solution near this singularity we introduce the local coordinate & by
X = X + &v_2' . (9.1)
oordinate x = X is defined in such a way that the exact solution

takes the wvalue

2 =1 -
p(xs) =-3v ¢ é%'av /3 .

suppose that the following expansions exist

2 - - oy -
P=—=3v s 25_7 w173 4 n-_z-g n, (€5v) v (5+2n)/3 > (9.2)
x =2+ %-v'“/3 + L x (v) yRED3 (9.3)

n=2
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hen by substituting (9.1) and (9.2) into (1.2) we obtain the recurrent

ystem
dn 5
-2+ 2 e =0 (9.4)
dn

2
TooEnt3 o x -Eefe0 (9.5)
dn dn
_4 9 2 L 2 2 -
3 AU xh(v) -3 a(x2(V) +g) - 18 & T 2 an, =0, (9.6)
dn dn dn
_2_9 2 _k 2 .3 3 _2
& "2 ts %) -gx(v) -JgegT-2an, - o,
2

- bny(x,(v) + €) + (x,(0) +8)° - 25aP=0 (9.7)

lth the condition nk(O,v) =0 , k=2,3, ..., since x = X was chosen

ich that p = - %—v_1 + é% awT/3 exactly. The solutions are
np=2E+ G2+ 2x ) (-5 (5.8)
ny = (20 - g ) (1= ) (9.9)
my = (2,00 - 8 ax(v) - 22la) (12 ) S By
(f%% a + g% @ x,(v)) £e9g/2 , (9.10)
n5=g(g—?+gx2(v>)2 . L (9.11)
). Matching of the solutions for regions D and E
In region D we have q = 0(1), whereas in region E q = o(v'g).

lerefore, we introduce an intermediate coordinate § = qv in order to get

le matching relations. Substitution in expansion (7.3) yields

1 -l 2 a~ 2 - -8
x=2+3av /34 (§-log |a] - §'log v + dg(v))v 24 d3(v) v /3
1 20 ~ . 20 _ 20 10 1, -3

t =38 (-5 tog |G + 755 1o v - 755 - gy (V)

13

_ -10
+ {- %% o log |g]| + g7 @ log v+ dh(V)} \J 10/3 + o(v /3)

(10.1)
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-~

‘der to obtain an intermediate coordinate & such that the term n, (g,v)
‘pansion (9.2) becomes of order 0(v), which is necessary for hav1ng

) - _
; vl = 0o(v 7), we use the following transformation
~ 2
£ =E + §-1og v (10.2)

le intermediate region expansion (9.2) transforms into

v—7/3 + ns(g,v)-v_3 + ...

e9g/2 v-2/3

o)
[}
3
—~~
']
<
S
+
3
w
—~
(]
"
<
N
<
+
3
—~
oy
<
SN

2 28 121 65 ﬁiL
+ {- 5 xu(v) + 81 axa( ) 729 a 729 a log v - Tl (v) log
- f%% ag-g%-axz(v) E} 896/2 v_h/3 + (g-x3(v) - é%%'az) v_5/3
ro(vo13y (10.3)

‘ting (10.3) into (10.1) we obtain an identity, when (9.1), (9.3) and

) are used. Consequently we obtain the matching relations

__28 1_2 1 2 10,5
x2(v) = -5 log v + 9~ 3 log 3 + 3 b1 + 9 log |81 + 9 xe(v)| , (10.

b 135 x5(v) - 1o

2 2 2+ 2 , (10.5)

x3(v) = - e T x,(V)
2
135 x3(v) -1 o )2

- _ 13 10, 2 _ 1
u(v) - 57 @ log |5; 5 2( v) 9 ( 5z 7 9x2(v)) +
2(4o05 x), (v) - 252 ox (v)- 121) . Ei _§. “ log 3 - 139 i
81(10 + 45 x2(v)) 3 27 486
) 108
- 27 ab, + §E§ a log Vv . (10.6)

these relations xg(v) s x3(v) and xu(v) may be computed.
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1. Matching of the solutions for regions E and A

In expansion (2.1) we substitute

1 -4/3

x=2 + 3 o + (x2(v) +£) v_2

8/3

+ x3(v) v o0 xh(v) v

nd we obtain

p= - %-v—1 + ;i-av_h/3 + {é(x (

10, -3
o7 92V)+€)+81}\) +

+ {g-x3(v) - é%%-ag} v_11/3 + {g'xu(v) - %% a(xg(v) +
121 , =13/3
- 755 al v oo, (11

nich agrees with (9.2) for & << -1. In this case there are no mat

2lations: the solutions fit exactly.

2. The amplitude

In order to determine the amplitude a, of the periodic solution

ave to insert

5 -W/3
vV

-2 _
Q=3 -37 @ (12

1to expansion (7.3). The constants dE(V)’ d.(v) and dh(v) which occ

3
11s expansion are computed in (8.4), (8.5) and (8.6). We obtain

L 1oW3 1 16 1,2 8
a, = 2 + 3 av + (3 b1 - o7 log v - 9 + 9 log 2 - 9 log
1 2 2y -8/3 . 1 10k LN
t(3by -y e) v T (3 byt gz e log v - op ob,
+ g%-u log 3 - %%-a log 2) v-10/3 + o(v_10/3) .

n formula (12.2) o = 2.33810741 and the constants b1, b, and b3 ar
y (6.8), (6.9) and (6.10). Numerical values for b1, b2 and b3 will
iven in a subsequent paper. '
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he period

he computation of the asymptotic expression for the period cannot be
ed. Therefore, we refer to Dorodnicyn's paper L3] or Bavinck and Gras-

2] , where all the details have been worked out. Integration of

_ av ax
T =2 J-a o(x) (13.1)

\%

the five regions yields

1/3 -1

T=(3-21log2)v+3av -2v  log v +

+ (log 2 - 1log 3 + 3 b, - 1 - log m - 2 log ./U.'(--Ot))\)"-1

+ o(v . - (13.2)

ould be noticed that the period computed in [3] and [9] contains com-
ional errors. We remark that in Dorodnicyn's paper the integration

) has been carried out over intervals in different regions, which are
ated by concrete points. It can be shown that one may take arbitrary

s in the regions of overlapping for the points of separation of the
rent intervals of integration. In fact, it turns out that in the
 summing up of the contributions from the five regions the coordinates
ese points cancel. For the Volterra-Lotka type of relaxation

lations, where we have the same situation, this can be verified

r directly (see [5] ).




2]

3]

L]

51

6]

7]

3]

7]

10]
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